Introduction
Let K be a nonempty subset of a real normed space E. A self-mapping T : K → K is called nonexpansive if Tx − T y ≤ x − y for every x, y ∈ K, and quasi-nonexpansive if F(T) := {x ∈ K : Tx = x} = ∅ and Tx − p ≤ x − p for every x ∈ K and p ∈ F(T). The mapping T is called asymptotically nonexpansive if there exists a sequence {k n } ⊂ [1,∞) with k n → 1 as n → ∞ such that for every n ∈ N, T n x − T n y ≤ k n x − y for every x, y ∈ K.
(1.1)
T n x − p ≤ k n x − p for every x ∈ K, (1.2) and p ∈ F(T), then T is called asymptotically quasi-nonexpansive mapping.
Iterative methods for approximating fixed points of nonexpansive mappings and their generalisations have been studied by numerous authors (see, e.g., [1] [2] [3] [4] [5] [6] [7] [8] [9] and the references contained therein).
Petryshyn and Williamson [4] proved necessary and sufficient conditions for the Picard and Mann [10] iterative sequences to strongly converge to a fixed point of a quasinonexpansive map T in a real Banach space.
Ghosh and Debnath [3] extended the results in [4] and proved necessary and sufficient conditions for strong convergence of Ishikawa-type [11] iteration process to a fixed point of a quasi-nonexpansive mapping T in a real Banach space. Furthermore, they proved strong convergence theorem of the Ishikawa-type iteration process for quasinonexpansive mappings in a uniformly convex Banach space.
Qihou [5] extended the results of Ghosh and Debnath to asymptotically quasi-nonexpansive mappings. In some other papers, Qihou [6, 7] studied the convergence of Ishikawa-type iteration process with errors for asymtotically quasi-nonexpansive mappings.
Recently, Sun [12] studied the convergence of an implicit iteration process (see [12] for definition) to a common fixed point of finite family of asymptotically quasi-nonexpansive mappings. He proved the following theorems. Theorem 1.1 (see [12] ). Let K be a nonempty closed convex subset of a Banach space E.
Then the implicit iterative sequence {x n } generated by Very recently, Shahzad and Udomene [8] proved necessary and sufficient conditions for the strong convergence of the Ishikawa-like iteration process to a common fixed point of two uniformly continuous asymptotically quasi-nonexpansive mappings.
Their main results are the following theorems. Theorem 1.3 (see [8] More recently, the authors [2] introduced a scheme defined by
. . .
and studied the convergence of this sheme to a common fixed point of finite families of nonself asymptotically nonexpansive mappings.
It is our purpose in this paper to prove necessary and sufficient conditions for the strong convergence of the scheme defined by (1.6) to a common fixed point of finite family T 1 ,T 2 ,...,T m of asymptotically quasi-nonexpansive mappings. We also prove strong and weak convergence theorems for the family in a uniformly convex Banach spaces. Our results generalize and improve some recent important results (see Remark 3.9).
Preliminaries
Let E be a real normed linear space. The modulus of convexity of E is the function δ E : 
We will say that a mapping T satisfies condition (P) if it satisfies the weak version of demiclosedness at origin as defined in [4] (i.e., if {x nj } is any subsequence of a sequence {x n } with x nj x * and (
. In what follows we will use the following results.
Lemma 2.1 (see [9] ). Let {λ n } and {σ n } be sequences of nonnegative real numbers such that λ n+1 ≤ λ n + σ n for all n ≥ 1, and
Lemma 2.2 (see [13] ). Let p > 1 and r > 1 be two fixed numbers and E a Banach space.
Then E is uniformly convex if and only if there exists a continuous, strictly increasing, and convex function
g : [0,∞) → [0,∞) with g(0) = 0 such that λx + (1 − λ)y p ≤ λ x p + (1 − λ) y p − W p (λ)g x − y (2.3) for all x, y ∈ B r (0) = {z ∈ E : z ≤ r}, λ ∈ [0,1] and W p (λ) = λ(1 − λ) p + λ p (1 − λ).
Main results
In this section, we state and prove the main results of this paper. In the sequel, we designate the set {1, 2,...,m} by I and we always assume 
. Let {x n } be a sequence defined iteratively by Proof.
Then we have, for some positive integer h, 2 ≤ h < m, 
This implies that b ∈ Fix(T i ) for all i = 1,2,...,m and thus b ∈ F. This completes the proof. 
. . . For our next theorems, we start by proving the following lemma which will be needed in the sequel. defined iteratively by (3.1) . Then,
Proof. Since {x n } is bounded, for some x * ∈ F, there exists a positive real number γ such that x n − x * 2 ≤ γ for all n ≥ 1. By using Lemma 2.2 and the recursion formula (3.1), we have
Continuing in this fashion we get, using [8, Theorem 3.4 ] to finite family of asymptotically quasi-nonexpansive mappings, and includes as a special case [8, Theorem 3.7] . In addition, the condition of compactness on the operators imposed in [8, Theorem 3.4 ] is weaken, replacing it by semicompactness in Theorem 3.5. It is clear that if T is compact, then it is semicompact and satisfies condition P. The scheme studied in [12] is implicit and not iterative. Our scheme is iterative.
Remark 3.10. Addition of bounded error terms to any of the recurrence relations in our iteration methods leads to no further generalization.
